Abstract. We review and relate two recent complementary constructions of linear local gauge-invariant observables for cosmological perturbations in generic spatially flat single-field inflationary cosmologies. We give explicit, covariant and mutually invertible transformations between the two sets of observables, thus resolving any doubts about their equivalence. In this way, we get a geometric interpretation and show the completeness of both sets of observables, while previously each of these properties was available only for one of them.
Introduction
Linear gauge-invariant observables play a crucial role in the theory of cosmological perturbations [1] , since they obviously separate physical effects from gauge artifacts. Furthermore, local gauge-invariant observables (those given by differential operators acting on the perturbations) are important because they separate the issue of gauge invariance from infrared effects, since gauge-invariant field combinations can be smeared by test functions with compact support. The usual gauge-invariant Bardeen potentials [1, 2] are not local in this sense, because they are non-polynomial in spatial momenta. A set of local gauge-invariant observables is considered complete if any field configuration for which they all vanish is (at least locally) constrained to be pure gauge. Consider any local tensor T [g, φ] covariantly constructed from the metric g and (if any) matter fields φ that vanishes on a given background; by the well-known Stewart-Walker lemma [3, Lem. 2.2] its linearisation T (1) is a local gauge-invariant observable, due to the Lie derivative identity
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However, the question of the completeness of a set of local gauge-invariant observables obtained in this way has to be addressed separately. Despite their potential importance, in the context of single-field inflationary cosmologies such complete sets of local gauge-invariant observables were obtained only very recently. First, [4] gave such a set together with an explicit proof of its completeness. It was constructed by generalising from the previously studied cases of Minkowski and de Sitter backgrounds [5] . However, the question of giving a StewartWalker type geometric interpretation to the explicit formulas of [4] was left open. Shortly thereafter, the independent work [6] addressed a related non-linear geometric problem (the characterisation of a particular isometry class of inflationary spacetimes by local tensorial equations). By the Stewart-Walker lemma, the linearisations of these tenor equations then give local gauge invariant observables. A heuristic argument given in [6] implies that this set should also be complete. However, the linearisation was not explicitly performed and the completion of the heuristic argument for completeness to a rigorous one was left open.
In this work, we rectify both of these problems by explicitly relating the observables of [4] to the linearisations of the tensors of [6] and vice versa. Thus, in one direction we propagate the proof of completeness, and in the other direction we propagate a geometric interpretation. In Sections 2 and 3, we respectively review the relevant results from [6] and [4] , reproducing the explicit formulas that we will need. In Section 4, the two sets of observables are related by explicit transformations. We conclude in Section 5 with a discussion of our results and of directions for future work.
We assume that the spacetime dimension is n ≥ 3. Also, we use the (−+ · · · +) signature and more generally the sign conventions of [7] (which are coded as "+++" in their reference table). While we draw formulas and identities from both [4] (the FHH paper) and [6] (the CDK paper), we will mostly use the notational conventions of [4] . They are related as follows:
CDK tensors
An IDEAL characterisation of generic spatially flat single-field inflationary spacetime was given in [6] . It consists of a set of tensors that vanish on a given spacetime and scalar field (M, g, φ) if and only if it is locally isometric to a particular isometry class of an FLRW cosmology (M, g) with an inflaton field φ with potential V (φ) (up to some nondegeneracy conditions). The particular isometry class is identified by a scalar function Ξ(φ) satisfying the auxiliary ("Hamilton-Jacobi" [8] ) equation
We define
and denote with an overdot the derivative in the direction of u
The IDEAL characterisation of [6] consists of the tensors
We call these the CDK tensors. Physically, u µ is the future-pointing normal vector to slices of constant cosmological time, H corresponds to the Hubble rate andḢ to the Hubble acceleration with respect to cosmological proper time. Note that these interpretations are valid only if all of the CDK tensors vanish, which is what guarantees that the underlying geometry is of an inflationary cosmology. Also, it is important to mention that these equations are applicable when the following non-degeneracy conditions are satisfied on the entire spacetime:
In a special case where some of these conditions are not satisfied, a slightly different set of equations can still provide an IDEAL characterisation. A list of regular inflationary cosmologies, where this is possible, and a complete classification of corresponding IDEAL characterisations was given in [6] , including cases with positive or negative spatial curvature and with a massless inflaton. An IDEAL characterisation is necessarily far from unique. Once one has been given, many others can be produced from it by taking algebraic and differential expressions of the original set of tensors, as long as these expressions can be inverted on an open neighborhood ‡ of the characterised isometry class. For instance, note the identities
the first two of which rely on u µ being proportional to ∇ µ φ. The logic behind the precise choice of the CDK tensors is explained in [6] . For our purposes, it is more convenient to replace these tensors by the slightly different set {W µνρσ ,Ẑ µν ,D µν , S, T}, where the first three tensors are defined as
and where we have used the notation
We will still refer to them as CDK tensors, since one can straightforwardly invert the definition:
One checks by inserting the definition of Z µνρσ that W µνρσ is none other than the Weyl tensor C µνρσ . Also, it is still true that u µ u νD µν = 0 = g µνD µν .
Linearised FHH tensors
The authors of [4] gave a set of linear differential operators acting on the linearised metric and scalar field perturbation on a generic spatially flat inflationary spacetime (M, g, φ), together with explicit proofs of their invariance under linearised gauge transformations (diffeomorphisms) and their completeness (meaning that a field annihilated by all of these operators must locally be a pure gauge mode). This set was constructed by generalising similar known results for Minkowski and de Sitter spacetimes [5] . We refer to this set as the linearised FHH tensors. Consider the background metric g µν = a 2 η µν given by a conformal rescaling of the Minkowski metric η µν by the scale factor a = a(η) in coordinates (x µ ) = (x 0 = η, x i ), together with a background scalar field φ = φ(η). Denoting a derivative with respect to conformal time η with a prime, we define the Hubble and slow-roll parameters
An inflationary geometry satisfies the Einstein-Klein-Gordon equations with a potential V (φ), namely
As is well known, as long as φ is not constant (or more precisely has a non-null gradient), the Klein-Gordon equation follows as an integrability condition of the Einstein equations, by the identity
Taking into account the assumed form of a = a(η) and φ = φ(η), these equations reduce to the well-known Friedmann equations for the background:
We parametrise the linear perturbations in g µν + g (1) µν + · · · and φ + φ
Under linearised diffeomorphisms with parameter ξ µ , they transform as
The explicit form of the linearised FHH tensors is as follows, where the derivative operators ∂ µ and the tensor components are all with respect to the (x µ ) coordinates, and where φ = 0 in the whole spacetime was assumed as a non-degeneracy condition:
where
are the linearised flat-space Ricci tensor and scalar. By the notation, we mean that C
µνρσ and E (1) µν are the linearisations of the Weyl tensor and the Einstein equations, respectively. To avoid confusion, we note that C
µρνσ = 0, with the latter equality as expected for the linearized Weyl tensor. We have not yet defined a tensor C µν whose linearisation coincides with the formula for C (1) µν . Such a tensor will actually be defined in the next section, solving the problem (left open in [4] ) of finding a geometric interpretation for all of the components of C (1) µν . It is again convenient to choose a slightly different tensor, takinĝ
µν , and F (1) is the linearisation of the Klein-Gordon equation (10b). Since the formula for C (1) µν of [4] was anyway only given for on-shell fields (those annihilated by E (1) µν [h, ψ] and F (1) [h, ψ]), these additional terms can be simply seen as our preferred choice of an off-shell representative.
Relating CDK and FHH tensors
The well-known Stewart-Walker lemma [3, Lem. 2.2] (slightly generalised to include scalar fields) states that the linearisation T (1) [h, ψ] of a tensor T [g, φ] locally and covariantly constructed out of the metric g, the scalar field φ and their derivatives is gauge-invariant when linearised around a background where T [g, φ] = 0. All the tensors from an IDEAL characterisation of a particular isometry class satisfy the hypotheses of the Stewart-Walker lemma, when linearised on a background belonging to this isometry class, and hence give gauge-invariant linear observables depending locally on h and ψ. In the Introduction of [6] , it was also argued that the defining property of an IDEAL characterisation (that the joint kernel of these tensors is locally exhausted by representatives of the given isometry class) generically implies that the linearisation of these tensors gives a complete set of gauge-invariant observables (meaning that a field for which all of them vanish must locally be a pure gauge mode) on a single-field inflationary spacetime. However, in [6] , the linearisations were not explicitly computed, nor was their completeness explicitly checked.
In [4] , explicit proofs were given for the gauge invariance and completeness of a set of linear local observables on a generic single-field inflationary spacetime. However, the geometric interpretations of these observables remained partially obscure: while some of the observables were found to come from the linearisation of covariantly constructed tensors vanishing on the background, as in the Stewart-Walker lemma, not all of them could be interpreted in this way. Below, we rectify both of the above mentioned deficiencies by relating the two constructions to each other. Our strategy is to identify a set of tensors {C µνρσ , E µν ,Ĉ µν } covariantly constructed from the metric g and the inflaton scalar φ, which we call the FHH tensors, that
• constitute an IDEAL characterisation of a generic spatially flat inflationary spacetime, by expressing them in terms of the CDK tensors (4), (7) in an invertible way, and
• reproduce the linear operators from Section 3 upon linearisation.
This would already provide a complete geometric interpretation for the linear observables constructed in [4] . Then the linearisations of the relations between the CDK and FHH tensors will give an explicit and invertible relationship between the linearised CDK and FHH tensors. This, in turn, would show that the linearised CDK tensors do in fact give a complete set of gauge-invariant linear observables. In terms of the CDK tensors, the FHH tensors have the following expressions:
The validity of these formulas can be checked by direct calculation. The formula for C µν serves as its definition. The agreement of its linearisation withĈ (1) µν (15) can also be checked by direct calculation. We now reverse the direction and, by straightforward algebraic manipulations, express the CDK tensors in terms of the FHH tensors:
Note that S is expressed only in terms ofĈ µν . This formula then enters the expression for T. Both of these formulas then also enter the formula forẐ µν . These expressions were not expanded fully for economy of notation.
When it comes to linearisation, either for writing the CDK tensors in terms of the FHH ones, or vice versa, the above formulas give the answer almost immediately. It suffices to replace the tensors from each set by their linearisation, ignore any terms of of quadratic order in the tensors from either set and, if helpful, replace remaining coefficients by their background values (12). The linearised FHH tensors in terms of the linearised CDK tensors are
In the reverse direction, the linearised CDK tensors in terms of the FHH tensors arê
where we have made liberal use of the background relations (12) to simplify the expressions.
Discussion
We have reviewed two constructions of linear local gauge-invariant observables for cosmological perturbations on generic spatially flat single-field inflationary cosmologies. One stems from the work [4] , the FHH observables (15) and the other stems from the work [6] , the linearisations of the CDK tensors (4), which are locally and covariantly constructed from the metric and the inflaton field. We then gave an explicit and covariant transformation of the CDK tensors into the set (18), the FHH tensors, together with the reverse transformation (19). The FHH tensors are chosen such that their linearisations reproduce the FHH observables (15), thus closing the problem of identifying a StewartWalker type geometric interpretation for these observables (partially left open in [4] ). At the same time the linearisation of these transformations automatically gives explicit relations (20) and (21) between the CDK and FHH observables, thus showing explicitly the completeness of the CDK observables, which was proven in [4] for the FHH ones but left open in [6] .
It should be noted that the generic spatially flat inflationary cosmologies are just one of the special cases considered in [6] . Other cases covered there include those with positive or negative spatial curvature, vanishing scalar potential, and also FLRW cosmologies without a scalar field. It would be interesting to perform an explicit analysis of the completeness of the corresponding linear local gauge-invariant observables on these backgrounds. Such an analysis would require a systematic approach to checking the completeness of sets of linear gauge-invariant observables on various backgrounds. Unfortunately, the method of [4] do not easily generalise to other backgrounds, but some recent developments, to be reported elsewhere, may provide such an approach for a large class of spacetimes with Killing symmetries [10] .
